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Abst rac t - -S tochast i c  discounting models have been proved very important for decision making 
under conditions of uncertainty inmany applied fields. This paper is mainly devoted to the establish- 
ment of properties for the distribution of a stochastic discounting model. The paper, also, provides 
applications of this model in assessing competing risks. (~) 1999 Elsevier Science Ltd. All rights 
reserved. 
Keywords--Stochast ic discounting, Unimodality, Self-decomposability, Competing risks. 
1. INTRODUCTION 
In the past, discounting models were essentially deterministic. The literature has for the main 
part concentrated on purely deterministic discounting models aimed at the construction of ex- 
plicit present-value formulae under conditions of certainty. Authors, such as Zinn et al. [1] and 
Delbaen and Haezendonck [2], have considered more realistic stochastic treatments, and several 
probabilistically-based analytical methodologies have been developed to deal specifically with 
discounting models under conditions of uncertainty. Such approaches make use of the results 
of probability theory and aim to provide management with more detailed and more realistic 
criteria for decision making. Most of these analytical stochastic treatments of discounting mod- 
els, however, concentrate only on the calculation of mean value, variance and, in some cases, 
semivariance [3,4]. 
Since, in general, any analytical determination of the distribution of a stochastic discounting 
model is very difficult, it follows that the establishment of sufficient conditions for embedding 
this distribution into a well-known class of distributions can be very important in stochastic 
discounting modell ingoperations. 
The class of self-decomposable distributions, besides being a well-known class in probability the- 
ory and statistics, is a class with practical and theoretical interest. Moreover, self-decomposable 
distributions are unimodal [5]. This class includes many distributions with positive support which 
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are important in finance. As examples of self-decomposable distributions with positive support, 
we mention the exponential distribution, the gamma distribution, the distribution of the inverse 
of a gamma variable, the lognormal distribution, and the Pareto distribution. Applications of 
self-decomposable distributions in stochastic discounting have been established by Dill' Aglio [6], 
Lukacs [7], Harrison [8], hrtikis [9-12], Artikis and Voudouri [13], and Artikis and Malliaris [14]. 
Properties of self-decomposable distributions with practical importance in stochastic discounting 
modelling operations have been established by Wolfe [15], Yamazato [16], and Forst [17]. 
Recent articles have considered applications of the class of a-unimodal distributions in sto- 
chastic discounting single cash flows. More precisely, Artikis and Voudouri [13] have studied the 
present value of a single random cash flow under random timing and constant force of interest. 
Artikis and Jerwood [18] have proposed an extension of this stochastic discounting model by 
assuming that timing is decomposed into a geometrically distributed number of exponentially 
distributed random variables. Properties and applications of this extension in risk and insur- 
ance management, machine failure and replacement policies, and administration of investment 
programmes have also been provided by the authors. Moreover, Artikis et al. [19] have studied 
the present value of a single random cash flow decomposed into a binomial random sum under 
random timing, which has interesting applications in investment analysis, cost evaluation, and 
other areas of financial management, particularly at a time of financial restraint when there is 
a fixed number of components to be assessed independently for replacement. Properties and 
applications of the present value of a single random cash flow, which is related to an arbitrarily 
random sum, under random timing have been established by Artikis and Malliaris [14]. From 
a theoretical point of view, these articles have provided sufficient conditions for embedding the 
distribution of the present value of a single random cash flow under random timing into the 
class of a-unimodal distributions. Properties of the class of a-unimodal distributions have been 
established by Olshen and Savage [20], Dharmadhikari and Jogdeo [21], Gomes and Pestana [22], 
Rivest [23], Artikis [24], Alamatsaz [25], Artikis et al. [26], Pikes [27], Van Harn and Steutel [28], 
Alamatsaz [29], and Krysicki and Kaluszka [30]. 
Other recent articles have considered applications in stochastic discounting continuous uniform 
cash flows of the class of v-unimodal distributions. In particular, Voudouri [31] has studied the 
present value of a uniform cash flow with random rate of payment, random duration, and constant 
force of interest. Artikis et al. [32] have proposed an extension of this stochastic discounting 
model by assuming that duration is decomposed into a geometrically distributed number of 
exponentially distributed random variables. Properties and applications of this extension in 
developing an optimal cash flow strategy to determine when it is advisable to establish funds 
for a single payment option and when for a continuous uniform cash flow under random timing 
have also been established by the authors. These articles have provided sufficient conditions for 
embedding the distribution of the present value of a continuous uniform cash flow with random 
rate of payment and random duration into the class of v-unimodal distributions. Properties 
and applications of the class of v-unimodal distributions have been established by Gomes and 
Pestana [22], Artikis [33], Artikis and Artikis [34], and Artikis and Voudouri [35]. 
Many discounting and compounding problems under conditions of uncertainty are related to 
stochastic multiplicative models. Properties of such models with some practical importance in 
stochastic discounting and compounding modelling operations have been established by Khint- 
chine [36], Runnenburg [37], Kotz and Steutel [38], Chang [39], Huang and Chen [40], Yeo and 
Milne [41], Pikes [27], and Artikis et al. [42]. 
The study of the distributions of stochastic discounting and compounding models can be facili- 
tated by the use of transformations of characteristic functions. Properties of such transformations 
with some practical importance in stochastic discounting and compounding modelling operations 
have been established by Sarkness and Shantaram [43], Sakovic [44], O'Connor [45], Artikis [46- 
50], Artikis et al. [51] and Voudouri [52]. A part of this paper is devoted to applications in 
stochastic discounting modelling operations of a transformation which converts the characteristic 
Stochastic Discounting Model 53 
function of a distribution function with positive support and finite mean into the characteristic 
function of a self-decomposable distribution function with positive support. 
This paper is mainly devoted to the establishment of properties and applications of a particular 
stochastic discounting model. The theoretical contribution of the paper consists in the use of a 
transformed characteristic function for deriving the distribution of the model. From a practical 
point of view, the paper extends the applicability of the class of self-decomposable distributions 
in a stochastic discounting model arising in competing risks management [53,54]. Section 2 
introduces a stochastic discounting model and establishes applications of this model in competing 
risks management. In Section 3, the distribution function of the proposed model is examined. 
Since this distribution function is very complicated, then the corresponding characteristic function 
is derived. Section 4 establishes a result for embedding this characteristic function into the class 
of self-decomposable characteristic functions and provides applications of this result in competing 
risks management. 
2. A STOCHASTIC  D ISCOUNTING MODEL 
IN RISK MANAGEMENT 
Let Sk,  k = 1 ,2 , . . . ,  n be continuous, positive, and independent random variables, and set 
T -- min{S1,S2 . . . ,Sn} .  (2.1) 
Moreover, let X, Y be continuous, positive, and independent random variables, and suppose that 
X, Y are independent of Sk,  k = 1, 2 . . . .  , n.  We consider the stochastic model 
V = X + Ye  - rT ,  (2.2) 
with 7' > 0. The purpose of this paper is to establish properties and applications in risk manage- 
ment of the above stochastic model. If Sk, k = 1 ,2 , . . . ,  n denote times, X and Y denote cash 
flows arising at times 0 and T, respectively, and r denotes the force of interest, then V denotes 
the overall cash flow at time 0. 
We provide an interpretation i competing risks management of the above stochastic model. 
We consider a system threatened by n independent risks and let the random variable Sk,  k = 
1,2 , . . . ,n  denote the time that the k TM risk occurs. The random variable T in (2.1), which 
denotes the first risk occurrence, is very crucial in describing the system in terms of competing 
risks and in considering selection and implementation of relevant risk management processes. 
Moreover, the incorporation of T in stochastic discounting models provides management with 
valuable information upon which to formulate proactive risk management programmes. These 
programmes are extremely important for evaluating and protecting systems which support the 
overall operations for an organization. When evaluating and protecting computer systems of 
an organization, proactive risk management programmes should be the number one priority. 
Risk managers hould apply concepts of proactive risk management to evaluate installations of 
computer systems and protect their organizations from risks which could cause the breakdown 
of such systems. Events such as fire, flood, earthquake, electrical or magnetic disturbances, 
changes in temperature and humidity, and hardware or software failure can cause the breakdown 
of a computer system. We suppose that the random variable X denotes the cost of installing a 
computer system at time 0 and the random variable Y denotes the loss generated by the first 
breakdown of this system at time T. In this case, the random variable V denotes the present 
value of the amount required for covering the installation and the first breakdown of the computer 
system. Hence, the above stochastic model can be of some importance in formulating proactive 
risk management programmes used for evaluating installation and protecting computer systems 
in an environment of competing risks. 
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3. D ISTR IBUT ION OF  THE MODEL 
We suppose that Fs~ represents he distribution function of Sk, k = 1, 2 , . . . ,  n. The function 
n 
F (t) = 1 - 1-[  [1 - (t)], 
k=l  
t>O 
represents he distribution function of the random variable T [55]. It therefore follows that the 
distribution function of the random discount factor 
W ~ e - rT  
is given by 
k=l  
It is convenient to transform the distribution functions of the random variables V, X, and Y 
using the corresponding characteristic functions Cv(u), Cx(u), and Cv(u), respectively. Using 
the stochastic discounting model in (2.2), the characteristic function of V can be developed as 
follows: 
Cy(u) = E [e iuV] 
= E [e iux] Ew [e i~'rW [ W = w] (3.1) 
/o = Cx(u) Cr(uw) aFw(w). 
The use of the characteristic function Cv(u) offers a method for the derivation of the distri- 
bution function Fv(v) corresponding to Cy(u). The method is based on the Fourier inversion 
of the characteristic function Cu (u). By first finding and then inverting the characteristic func- 
tion Cv(u), one can find the distribution function Fy(v) corresponding to Cy(u). The application 
of a computational lgorithm known as the Fast Fourier Transform makes the inversion of the 
characteristic function Cy(u) easier by greatly reducing computational time [56]. Fourier analysis 
is an extremely powerful tool and could eventually revolutionize the study of distribution func- 
tions corresponding to complicated stochastic discounting models. Application of the method 
has been slowed by the relatively advanced level of the mathematics it entails and by the lack 
of computer software that has been adapted for convenient use in the context of risk manage- 
ment. As these obstacles are overcome, application of the method for analysing problems in risk 
management will become more common. 
Prom a theoretical point of view, the expression i  (3.1) is a transformation for characteris- 
tic functions which establishes the characteristic function Cv(u) in terms of the characteristic 
functions Cx(u) and Cy(u). Transformations of characteristic functions, more precisely oper- 
ations which convert given characteristic functions into a new characteristic function, are very 
important in reliability theory, operational research, insurance, finance, risk management, and 
other applied fields. Many characteristic functions of practical interest arise as transformations 
of other characteristic functions. Some celebrated examples are given by the normal, Laplace, 
exponential, gamma, uniform, and stable characteristic functions. 
During the last two decades, there has been an increasing interest in transformation f charac- 
teristic functions arising in the construction ofstochastic discounting models [14,18,19,32]. These 
transformations provide valuable information for the distribution functions of such models. The 
establishment of properties for a transformed characteristic function corresponding to the distri- 
bution function of a stochastic discounting model can be proved invaluable within the decision 
making process. Unimodality, besides being a well-known property in probability and statistics, 
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is a property with important practical and theoretical interest. In a practical situation, unimodal- 
ity helps to make better statistical inferences. The main theoretical contribution of this paper is 
to establish conditions which allow unimodality to be introduced in the distribution function of 
the stochastic discounting model in (2.2). 
In general, the distribution function Fv(v) of the stochastic discounting model proposed by 
the paper is very complicated, and hence, any analytical determination of Fv(v) is not easy. 
However, the possibility of applying numerical methods and approximations to Fv (v) facilitates 
the practical applications of this model. Moreover, Monte Carlo simulation techniques provide 
a viable means, in some practical way, to verify the applicability of the proposed stochastic 
discounting model. 
4. A THEORETICAL  RESULT AND ITS APPL ICAT IONS 
In this section, we follow Artikis and Malliaris [14] and Artikis et al. [53,54] to investigate 
a particular case of the proposed stochastic discounting model which is of some importance 
in practical situations. More precisely, the section establishes conditions for embedding the 
distribution function Fv (v) in the class of self-decomposable distribution functions. The members 
of this class have the useful in practice property of unimodality. Moreover, the section provides 
applications in risk management of this particular case of the proposed stochastic discounting 
model. 
THEOREM 1. Let X, Y be continuous, positive, and independent random variables having finite 
means, and let Sk, k = 1, 2 , . . . ,  n be independent exponentially distributed random variables 
with parameters Ak, k = 1,2 , . . . ,  n, independent of X and Y. We set 
and 
T = min{S1,S2, . . . ,Sn} 
V = X + Ye -rT, r >0. 
The random variables Y and V are identically distributed if, and only if, 
Cv(u) = ¢x(u)exp {a fo ~ Cx(y) - X dy} (4.1) 
PROOF. If 
Fs~(s )= l -e  -~s ,  Ak >O, s>O 
is the distribution function of Sk, k = 1, 2 , . . . ,  n, then the distribution function of T is given by 
FT(t) = i- h [1 -  (1 - e -~*)]  
k=l 
= 1 - e -~t, 
where A = Ek=l  ~k. It therefore follows that the distribution function of the random variable 
W = e - rT  is g iven  by  
k=l  
= w a,  0 < W < 1, 
where c~ = A/r. Moreover, the characteristic function of V is given by 
f Cv(u) = Cx(u)a Cv(uw)w dw. (4.2) 
56 A.P. VOUDOURI et al. 
From the assumption that V, Y are identically distributed and from (4.2), we get the integral 
equation 
L 1 Cv(u) = Cx(u)a Cv(uw)w "-1 dw, 
which can be written in the form 
Lu 
Cv(u) = Cx(u)~j  Cv(w)w a-1 dw. (4.3) 
Multiplying both sides of (4.3) by ua/¢x(u), with u E ~ such that Cx(u) ~ O, and differentiating, 
we obtain the differential equation 
U"~gtV(U)¢x(U) -'~ OZUC~-lq~v(U)¢X(U ) -- UOtCV(U)¢tx(U ) = O~¢V(U)¢2(U)U a-l, 
or equivalently, the differential equation 
- ¢~,(u) = ~ (¢x(u) 1) + Cy(u), 
Cx( )J 
(4.4) 
which satisfies the conditions Cx(0) = 1, Cv(0) = 1. Integrating in (4.4), we obtain the charac- 
teristic function 
Ov(u) = ¢x(u)exp {ce L u ¢x(y) - l dy} 
Conversely, suppose that the characteristic function Cy (u) admits the representation (4.1). Then 
from (4.2), it follows that the characteristic function Cy(u) also admits the representation (4.1). 
Hence the random variables Y and V are identically distributed. 
From (4.1) it follows that Cy(u) is the product of the characteristic function Cx(u) with the 
characteristic function 
{ L u Cx(Y) - 1 } ¢c (u)=exp c~ : Y dy , 
which belongs to a self-decomposable random variable C [10]. The class of self-decomposable 
distributions i closed under convolution. Moreover, the self-decomposable distributions are uni- 
modal [5]. Assuming that Cx(u) is self-decomposable, it follows that Cv(u) is self-decomposable, 
and hence, the corresponding distribution is unimodal. The existence of a unique mode is clearly 
essential since the presence of multimodality introduces a degree of localized ambiguity into the 
decision process. The class of self-decomposable distributions includes many distributions which 
are important in modelling operations. As examples of self-decomposable distributions with pos- 
itive support and important financial applications, we mention certain stable distributions with 
exponent between 0 and 1. 
We consider three particular cases of the characteristic function Cy(u) in (4.1). By putting 
¢x (u) = e ~,  p > 0 
in (4.1), we obtain the characteristic function 
¢v(u)= exp i#u + a dy , 
Y 
which occurs in several theoretical contexts [57]. Applications of this characteristic function 
in certain industrial processes have been provided by Uppuluri et al. [58], Dall' Aglio [6], and 
Artikis [46]. This particular case of Cy(u) is of importance in practice since X denotes a cash 
flow arising at time 0, and hence, it is natural to assume that X is constant. 
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By putting 
¢x(u)  = #- iu '  #>0 
in (4.1), we obtain the characteristic function 
Cv(u)  = 
which belongs to the gamma distribution with parameters # and c~ + 1. 
Moreover, by putting 
Cx(u)  = 
in (4.1), we obtain the characteristic function 
Cv(u) = \# _ i-------u/ exp 
which is the product of the characteristic function of the gamma distribution with the charac- 
teristic function of a Poisson-stopped sum of exponential random variables. Applications of this 
characteristic function in risk theory have been provided by Artikis [5fl]. 
We proceed with an application of the above theorem. At time 0, we consider a system con- 
sisting of n components, and let Sk, k -- 1, 2 , . . . ,  n denote the failure time of the k th component. 
If we set 
T = min {$1, $2,. • •, Sn},  
which denotes the time that the first component fails, we can describe the system in terms 
of competing risks. We suppose that V denotes the cost of the system at time 0 and that 
the amount X is used to cover the present value of the interest generated by V in the time 
interval [0, T]. In this case, V satisfies the equation 
V = X + Ve  - fT .  (4.5) 
From (4.5) and the assumptions that Sk, k -- 1 ,2 , . . . ,n  are independent, exponentially dis- 
tr ibuted random variables and independent of the random variable X whose distribution is known, 
the above theorem derives the distribution of V. Considering the system as an investment project 
presented for appraisal, then the possibility of using the distribution of V as a tool for evaluat- 
ing this project in an environment of competing risks illustrates the practical importance of the 
theoretical results established by the above theorem. 
Systems consisting of a given number of components, each component having a random failure 
time are very common in many applied and theoretical fields, and the completion of their risk 
profile is an extremely important element in developing and implementing risk management 
programmes for these systems. In the context of informatics, the system can be a computer 
network. In this case the random failure time can be interpreted as the time of upgrading a 
computer of the network. 
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